An idea of the deformed boson scheme developed by the present authors is applied to the case of boson-pair coherent state. In this state, even and odd boson number difference is stressed and various concrete examples of the boson-pair coherent states are shown. Concerning some of them, mutual relations are investigated in connection to the su(1, 1)-algebra. A formulation in terms of the MYT boson mapping is also performed.
§1. Introduction
It may be interesting for theoretical studies of many-body systems to investigate time evolution of quantal systems described in terms of boson operators. To complete this task, the time-dependent variational method is quite powerful. In this case, the first task is to prepare a trial state containing variational parameters. For boson systems, conventional boson coherent states may be of the simplest and the most popular form. However, the use of the conventional boson coherent states does not always give us satisfactory results. For example, recent numerical analysis performed by the present authors shows that, compared with certain deformed boson coherent states, the conventional one gives us rather poor results.
1) This numerical analysis has been performed along the proposal of the deformed boson scheme by the present authors.
2) -5) Following the idea by Penson and Solomon, 6) our starting idea was presented in Ref.
2). Especially, multiboson coherent state was discussed in Refs.2) -4). Using the MYT boson mapping 7) together, the multiboson coherent state is formulated in the framework of the deformed boson scheme presented in Ref.
2).
In Ref. 4) , the boson-pair coherent state, that is, the simplest multiboson coherent state, is formulated in the framework in which not only boson-pairs but also unpaired boson are taken into account. Of course, the system adopted there consists of one kind of boson operator (ĉ,ĉ * ). Further, as was already mentioned, the MYT boson mapping is used and two contrastive boson-pair coherent states are discussed. These two boson-pair coherent states were extended to the case consisting of two kinds of boson operators. 1) Therefore, it may be interesting to investigate other forms of the boson-pair coherent states.
Main aim of this paper is to investigate systematically various forms of the boson-pair coherent states including two forms discussed in Ref. 4) . Further, we formulate our idea in the framework of the original boson space. In other words, we adopt the boson mapping. Two cases are separately but intimately treated. One is the case which consists of evenboson number and the other of odd-boson number and, then, the formalism is immediately applicable to the Hamiltonian given in terms ofĉ * ĉ ,ĉ * 4 ,ĉ * 3ĉ ,ĉ * 2ĉ2 ,ĉ * ĉ3 andĉ 4 . Therefore, the effect of even-odd boson number difference can be investigated. Basic idea can be summarized as follows : We decompose conventional boson coherent state expressed in terms of the exponential type into parts expressed in terms of the hyperbolic types. Then, each part is deformed and we have various deformed boson-pair coherent states stressing the even-odd boson number difference. In these states, three forms are investigated in rather
The set (τ ±,0 ) obeys the su(1, 1)-algebra :
Therefore, it may be indispensable to investigate the boson-pair correlations in connection with the su(1, 1)-algebra. In this paper, mainly, we treat the expectation values ofτ ±,0 for |tr . In §7, we contact with the expectation values of the products ofτ ±,0 . Hereafter, the expectation value of the operatorÔ is denoted as
Further, as a classical counterpart of (τ ±,0 ), we define a set (τ ±,0 ) obeying the relation of the Poisson bracket
The above is the basic framework of our idea. The simplest and the most popular example of |tr may be the boson coherent state : Here, (γ, γ * ) denotes a set of complex parameters which should be expressed in terms of (c, c * ). The state |cr 0 satisfies the relation c|cr 0 = γ|cr 0 , i.e.,τ − |cr 0 = (γ 2 /2)|cr 0 . (2 . 7)
Then, (τ ±,0 ) cr 0 , the expectation values of (τ ±,0 ) for |cr 0 , are given in the following set :
In the present case, the condition (2 . 1) is reduced to (1/2)(γ * ∂γ/∂c − γ∂γ * /∂c) = c * /2 − i∂S/∂c , (1/2)(γ * ∂γ/∂c * − γ∂γ * /∂c * ) = −c/2 − i∂S/∂c * . (2 . 9)
A possible solution of the relation (2 . 9) is given as
Then, we have
The form (2 . 11) has two characteristic points. One is as follows : The form (2 . 11) satisfies the relation of the Poisson bracket (2 . 5) approximately, especially at the large value of |c| 2 .
The other is related to the products ofτ ±,0 in normal order for (ĉ,ĉ * ). The expectation values of the products of (τ ±,0 ) are exactly equal to the corresponding products of (τ ±,0 ) cr 0 . This fact comes from the relation (2 . 7).
As was already mentioned in §1, the present authors have investigated various variations of the above-treated boson coherent state in terms of the deformed boson scheme presented in Ref.
2). However, in these framework, the state |tr is expressed as a superposition of the states not only with even-but also with odd-boson numbers. Therefore, it may be impossible to investigate effects of even-odd boson number difference which may be induced by the boson-pair correlations. Of course, in this case, the investigation is limited to two cases.
2) -4) §3. Two possible trial states derived from the conventional boson coherent state Our next task is to investigate two forms of the trial states derived from the conventional boson coherent state. First, we note the following decomposition :
As is clear from their forms, ||ch 0 and ||sh 0 consist of hyperbolic type superpositions of the even-and the odd-boson number states, respectively. Then, the above decomposition suggests us to the following two trial states for the variation :
For these two states, we havê
i.e.,τ
The relations (3 . 4a) and (3 . 4b) lead us to
The condition (2 . 1) can be expressed for the states |ch 0 in the form
For the state |sh 0 , also, we have
The relations (3 . 6a) gives us the following possible solution :
On the other hand, the relation (3 . 6b) gives us
Then, the relations (3 . 5a) and (3 . 5b) leads us to For the discussion on (τ ± ) ch 0 and (τ ± ) sh 0 , we must give the explicit expressions of
and F sh 0 (|γ| 2 ) in terms of (c, c * ). We obtain the relations for F ch 0 (|γ| 2 ) and F sh 0 (|γ| 2 ) with the use of the relations (3 . 7a) and (3 . 7b) :
Together with the definitions of F ch 0 (|γ| 2 ) and F sh 0 (|γ| 2 ), we can determine |γ| 2 as a function of 2|c| 2 for each case. However, it is impossible to give the exact analytical expressions.
Possible approximate forms are shown as follows :
Derivation of the expressions (3 . 10) and (3 . 11) is shown in Appendix A, together with the discussion on the reliability of the approximation. Through this discussion, it may be expected that the approximate form (3 . 11) presents us good agreement with the exact one in the quantitative aspect.
Finally, on the basis of the classical aspect of the su(1, 1)-algebra, we investigate the qualitative feature of the present result. For this aim, we define a set (τ ±,0 (t)) in the form
The relation of the Poisson bracket for the set (τ ±,0 (t)) is of the same form as that shown in the relation (2 . 5) :
The above tells us that (τ ±,0 (t)) is regarded as a classical counterpart of (τ ±,0 ). Our present discussion starts in the following inequalities :
The inequalities (3 . 13) can be easily checked by numerical calculation. With the use of the relations (3 . 9), the inequalities (3 . 13) can be rewritten as
The above relation gives us
Noting the relations |(τ ± ) ch 0 | = |γ| 2 /2 and |(τ ± ) sh 0 | = |γ| 2 /2, the inequalities (3 . 15) is rewritten as
The quantities |(τ ± ) ch 0 | and |(τ ± ) sh 0 | are complicated functions of |c| 2 . However, it may be interesting to see that there exist the lower and the upper limits, which are characterized by t = 0, 1/4, 1/2 and 3/4 contained in the su(1, 1)-algebra. Numerically, we can show the
The above is our starting form for the deformed boson scheme stressing the even-odd boson number difference. However, (τ ±,0 ) ch 0 and (τ ±,0 ) sh 0 do not satisfy the relation of the Poisson bracket of the su(1, 1)-generators sufficiently. However, as is suggested in the relation (3 . 4b), the expectation values of the products of (τ ±,0 ) in normal order for (ĉ,ĉ * ) are exactly equal to the corresponding products of (τ ±,0 ) ch 0 and (τ ±,0 ) sh 0 . §4. Deformation of the two trial states
Main task of this section is to apply the deformed boson scheme developed by the present authors 2) to the states |ch 0 and |sh 0 introduced in §3. For this aim, we make the deformation of the state |cr 0 shown in the relation (2 . 6) in the form
Here,f (N) is a function ofN which obeys the conditioñ
The deformation is characterized by the functionf (N) and the above is the starting idea of Ref.
2). In the same manner as that in the case of ||ex 0 , we decompose ||ex into two parts :
In this paper, we will treat the case wheref (N) does not depend on any other operator and parameter. It may be self-evident that ||ch and ||sh consist of the states with the even-and the odd-boson numbers, respectively. The states ||ch and ||sh can be expressed explicitly in the form
Here, |k (k = 2n, 2n + 1) denotes
Including the normalization constants, we define
For these two states, we have the relatioñ
The relation (4 . 8b) can be rewritten in the form
Here, we used the formula
The relation (4 . 2) supports the existence off (N) −1 . With the use of the relations (4 . 8), we
The condition (2 . 1) in the present case is expressed in the following form :
For the relation (4 . 12), we have the following possible form :
The relations (4 . 13) give us the following relations for expressing |γ| 2 in terms of 2|c| 2 :
By solving the relations (4 . 14), we can express |γ| 2 in terms of 2|c| 2 and, then, substituting the results into F ch (|γ| 2 ) and F sh (|γ| 2 ), we can express F ch (|γ| 2 ) and F sh (|γ| 2 ) in terms of 2|c| 2 .
Thus, we have (γ, γ * ) which is expressed as a function of (c, c
and (f (N)f (N + 1)) sh are calculated, (τ ± ) ch and (τ ± ) sh shown in the relations (4 . 10a) and (4 . 10b) can be expressed in terms of (c, c * ). Concerning (τ 0 ) ch and (τ 0 ) sh , in any case, we
With the use of the relations (4 . 10) and (4 . 13), we can derive the form (4 . 15). It is impossible in the general framework to mention definitely if the relation of the Poisson bracket (2 . 5)
is satisfied or not. Further, as is clear from the relation (4 . 8c), generally, the expectation values of the products of (τ ±,0 ) in normal order for (ĉ,ĉ * ) are not equal to the corresponding products of (τ ±,0 ) ch and (τ ±,0 ) sh .
Finally, we contact with the connection of the form presented in this section with the original one given in §3. It may be self-evident that, iff (N ) = 1, the form in this section is completely reduced to the original one in §3. We investigate this reduction from rather wider viewpoint. First, we treat the following case :
Then, ||ch and ||sh are expressed as
The relations (4 . 17) and (4 . 18) tell us that, depending on the choice off(2n), the state |ch 0 , the partner of which is not reduced to the state |sh 0 , should be regarded as a possible form of the q-deformation. An example which satisfies the relation (4 . 16) is given as
In order to understand the above statement, we investigate the casẽ
Of course, we definef (2n + 1) =f (2n) −1 . In this case, we have
Clearly, if α = 0, Γ sh = Γ sh 0 and if α = 1, Γ sh = |γ| 2 Γ ch 0 . Next, we treat the casẽ
In this case, ||ch and ||sh are obtained in the form
This case is also in the same situation as that in the case (4 . 16). A possible choice of the
An illustrative example is shown in the casẽ
In this case, we have
In the next section, we discuss the meaning of Γ sh = |γ| 2 Γ ch 0 and Γ ch = |γ| −2 Γ sh 0 . §5. Various examples
In this section, we show various examples of the general framework developed in §4. First, we rewrite ||ch and ||sh shown in the relations (4 . 4a) and (4 . 4b) in the following forms :
2a)
To the above expressions, we require the following condition ;
Therefore, the following forms are derived :
The relation (5 . 7) tells us that ( N + 1) −1ĉ andĉ * ( N + 1) −1 play a role of the phase operators and the form (5 . 6) suggests us that, under the condition (5 . 3), the unpaired boson does not give any influence on the boson-pairs. Further, the meaning of Γ sh = |γ| 2 Γ ch 0 and
Next, we investigate the case in which analytical and concrete expressions are given. This case starts in the following condition :
Then, ||ch and ||sh are of the forms
In the above case, iff (2n) = √ 2n + 1, the form is reduced to the case discussed at the beginning part of this section. We discuss the following case :
The case (5 . 11) satisfies the condition (5 . 8) andf (0) = 1. Then, Γ ch and Γ sh are given as
The states |ch and |sh satisfy
With the use of the form (5 . 12) with the relation (4 . 13), we have
For the forms (5 . 14a) and (5 . 14b), respectively, |γ| 4 can be expressed as
Therefore, the relations (4 . 13a) and (4 . 13b) give us
The second case starts in the conditioñ
Then, ||ch and ||sh are given as
In a manner similar to the form (5 . 11), we discuss the casẽ
Of course, the form (5 . 20) satisfies the condition (5 . 17) andf (0) = 1. In a way similar to the previous case, we have the following results :
In this case, the states |ch and |sh satisfy the same relation as that shown in the relation (5 . 13). With the use of the above results, for the states |ch and |sh , we have, respectively,
Thus, (γ, γ * ) can be expressed in terms of (c, c * ) analytically. 
For the deformation (5 . 20), we have
It may be impossible to express the above power series expansions in compact forms. Then, we note the following inequalities for x (x ≥ 0) :
Further, we have
By putting x = n, λ = 1, 2 and µ = 3, 4 in the inequality (5 . 27) and using the relation (5 . 28),
we can derive the following inequality for the quantity (5 . 25) :
In the same manner as the above, we have the following inequality for the quantity (5 . 26) :
The use of the relations (5 . 15) and (5 . 23) for the inequalities (5 . 29) and (5 . 30), respectively, gives us In the same manner as the above, for the relation (5 . 26), we have
With the use of the relations (4 . 10), (5 . 16) and (5 . 33), we have the following forms for the deformation (5 . 11) : already mentioned, the approximate expression (5 . 35) may be valid in high accuracy. Therefore, we can conclude that (τ ±,0 ) ch and (τ ±,0 ) sh satisfy the relation of the Poisson bracket of the su(1, 1)-generators in high accuracy. Further, the relation (5 . 13) tells us that in this case, also, the expectation values of the products of (τ ±,0 ) are not equal to the corresponding products of (τ ±,0 ) ch and (τ ±,0 ) sh . However, there exists another example which is in the situation similar to the above one. This example is discussed in §7. §6. Deformation satisfying the relation of the Poisson bracket of the
Until the present stage, we have discussed the deformations related to the boson-pair in connection to the su(1, 1)-algebra. However, they do not satisfy the su(1, 1)-algebra exactly.
In this section, we show the deformation leading to this algebra exactly.
We start in the following deformation :
In this case, ||ch and ||sh in (4 . 4) can be written as
3a)
The relation between ||ch and ||sh is as follows :
The states |ch and |sh obey the relation
5a)
It may be important to note that ||ch and ||sh are expressed in terms ofĉ * 2 /2, which is a generator of the su(1, 1)-algebra with t = 1/4 and 3/4, i.e.,τ + . The quantities F ch (|γ| 2 ) and F sh (|γ| 2 ) in (4 . 13) are given in the form
6a)
With the use of the relation (4 . 14), |γ| 4 can be expressed as follows :
Then, F ch (|γ| 2 ) and F sh (|γ| 2 ) are expressed as
From the relation (4 . 13), the following relations can be given in the present case :
The quantities (f (N)f (N + 1)) ch and (f (N)f (N + 1)) sh in the present case are calculated in the form
Therefore, the relations (4 . 10a) and (4 . 10b) are written as
Thus, we can understand that the deformation (6 . 1) satisfies the relation of the Poisson bracket of the su(1, 1)-algebra exactly. Next, we investigate the following deformation :
Here,P 0 denotes a projection operator which gives usP 0 |2n = 0 andP 0 |2n + 1 = |2n + 1 . It may be interesting to see that the state ||ch in the form (6 . 13a) is nothing but the state ||ch shown in the relation (6 . 2a), i.e., t = 1/4. However, the state ||sh , the partner of which is ||ch , is different from the form shown in the relation (6 . 2b). Concerning the above case, it may be interesting to investigate the following case :
In this case, ||ch and ||sh can be expressed as
Two states are related to each other through the relation
The above is the same as that given in the relation (6 . 15). We know that the state ||sh in the form (6 . 18b) is nothing but the state ||sh shown in the relation (6 . 2b), i.e., t = 3/4. However, the partner ||ch is different from the state ||ch shown in the relation (6 . 2a). The two states |ch and |sh satisfy
Finally, we show two examples in which the situations are in the same as those given in the cases (6 . 1) and (6 . 17). These are two concrete examples of the deformation (5 . 3). One is as follows :
This case leads us to
exp(γ 2ĉ * 2 /2)|0 , (6 . 23b)
The relation between states is shown in the relation (5 . 4). Clearly, ||ch is the state with t = 1/4. However, the partner ||sh is different from the state with t = 3/4. Second is given in the formf
This case gives us two states :
These two states are connected to each other through the relation (5 . 4). It may be selfevident that ||sh is the state with t = 3/4, but, the partner ||ch is different from the state with t = 1/4. The states shown in the relations (6 . 18a) and (6 . 18b) satisfy
The states (6 . 23a) and (6 . 23b) obey In §6, we showed the deformation satisfying the relation of the Poisson bracket of the su(1, 1)-algebra. In §5, the approximated form was discussed. In this section, again, we discuss the case in which the deformation satisfies the relation of the Poisson bracket in a well approximated form. Later, the reason why we discuss this case again will be mentioned.
This case starts in the deformatioñ
This is an example of the deformation (5 . 3). The states ||ch and ||sh can be written down as
The relation between ||ch and ||sh is given in the relation (5 . 4). The states |ch and |sh obey
In this case, F ch (|γ| 2 ) and F sh (|γ| 2 ) are expressed in the form
Then, for both cases, (γ, γ * ) is obtained exactly as
The expectation values (f (N)f (N + 1)) ch and (f(N)f (N + 1)) sh are calculated as follows :
As is given in Appendix B, we have the following approximate expression :
With the use of the relation (7 . 8) in the form (7 . 7), we obtain
Of course, we used the relation (7 . 6). Thus, under the high accuracy mentioned in Appendix B, the deformation (7 . 1) gives us the relation of the Poisson bracket of the su(1, 1)-algebra.
Our main interest in this section is to discuss the expectation values ofτ +τ− ,τ 0τ− and τ 2 − for the states |ch and |sh adopted in this section. For this aim, the following formula is useful :
With the case of the formula (7 . 10), (
Of course, we used the relations (5 . 27) and (7 . 8), together with the relation (7 . 6).
As is clear from the relation (7 . 4), the form (7 . 11) cannot be expressed in terms of simple product of (τ ±,0 ) ch and (τ ±,0 ) sh . However, the forms (7 . 9) and (7 . 11) give us the following relation :
On the contrary, we have the form for the case discussed in §6 as follows :
The relations (7 . 12) and (7 . 13) tell us the following feature : The expectation values of τ +τ− ,τ 0τ− andτ 2 − are, of course, not equal to the products of the expectation values ofτ ±,0 . However, compared with the case (7 . 13), the case (7 . 12) makes the expectation values of the products approach to the products of the expectation values. For example, the relation (7 . 12a) shows us that, in the case of (τ 0 τ − ) ch /(τ 0 ) ch (τ − ) ch , at |c| 2 = 0 and |c| 2 → ∞, this ratio is equal to 1 and around |c| 2 = 0.40, this ratio takes the maximum value 1.2787. The case (7 . 12b) is also in the same situation as the above. In this case, around |c| 2 = 1.20,
the maximum value appears as 1.1050. The ratios (τ
sh show the feature that at |c| 2 = 0 they have the maximum values √ 3 and 5/3, respectively, and gradually decrease to 1 at the limit |c| 2 → ∞. In the case of |ch 0 and |sh 0 , the ratios defined in the relation (7 . 12) or (7 . 13) are exactly equal to unity in any region of |c| 2 . In relation to the above statement, we contact with the states |ch and |sh in §5. This case also satisfies the relation of the Poisson bracket approximately. However, the ratios defined in the relation (7 . 12) or (7 . 13) are not equal to 1, for example, as shown in the following :
The relation (7 . 14) suggests us that the states |ch and |sh for the ratio (7 . 14) are in the intermediate situation between the states |ch and |sh for the ratios (7 . 12) and (7 . 13 ). This is a reply of the promise mentioned in the final part of §5. The above analysis gives us a suggestion mentioned below. The set (τ ±,0 (t); t = 1/4, 3/4)
shown in the relation (3 . 12) denotes a classical counterpart of the su(1, 1)-algebra defined in the relation (2 . 3). We know the boson-pair coherent state which leads us to the classical counterpart (3 . 12) through the expectation values of (τ ±,0 ), i.e., the states (6 . 2a) and (6 . 2b).
The expectation values are parametrized in terms of a quite simple function for the variable (c, c * ). Therefore, the deviation of the expectation values of the products of (τ ±,0 ) from the corresponding products of the expectation values of (τ ±,0 ), means a kind of quantal fluctuation and it seems to be rather large. On the other hand, the states (3 . 2a) and (3 . 2b) cannot lead us to the relation (3 . 12) and the expectation values parametrized in terms of (c, c * ) are of the complicated form. However, concerning the products of (τ ±,0 ), the forms are simply produced. This means that, at the stage of calculating the expectation values of (τ ±,0 ), the fluctuation is taken into account and it is rather large. The states (7 . 2a) and (7 . 2b) are in the intermediate situation. The fluctuation contained in the expectation values of (τ ±,0 ) is not so large and the fluctuation contained in the product is also not so large.
Therefore, further comparative investigation may be an interesting problem. §8. Deformation in the boson mapping method
In this paper, we have investigated various deformations for the boson-pair coherent state.
Characteristic point discussed in this paper can be found in stressing the even-odd boson number difference. As was mentioned in §1, our treatment 2) -4) was performed by using the MYT boson mapping method. However, in this paper, we treated the deformation in the original boson space.
As a final discussion, we mention the relation of the present treatment to the boson mapping. For this aim, we prepare another boson space constructed by the boson (d,d
* ).
The orthogonal set is given by {|n)} :
The mapping operator can be defined aŝ
Here,it should be noted that the boson image of |2n is the same as that of |2n + 1 , i.e., |n). In this paper, the even and the odd boson number states are treated separately and, then, the confusion does not happen. The operators (τ ±,0 ) are mapped on the following forms :
(e) † , (8 . 3a)
The form (8 . 4) should be compared with the form (3 . 12). The images of |ch and |sh , which we denote |ch) and |sh), respectively, are given in the
The states ||ch) and ||sh) can be rewritten as follows :
It is interesting to see that ||ch) and ||sh) are deformed from the conventional boson coherent state exp((γ 2 / √ 2) ·d * )|0).
Let us discuss three typical examples. First is as follows :
This case corresponds to ||ch 0 and ||sh 0 treated in §2. In this case, we have
Second is the case discussed in §6, i.e.,
The above gives us
Third case corresponds to the deformation (7 . 1), i.e.,
We have
We can see that the states ||ch) and ||sh) shown in the relation (8 . 14) are identical with the conventional boson coherent states and ||ch) is of the same form as ||sh). The operators, for example, (τ ±,0 ) acting on the states ||ch) and ||sh) are different from each other. In this paper, Part (I), we discussed the boson-pair coherent states with the even-and the odd-boson number separately, but, intimately. Therefore, one defect can be found in the point that the expectation value ofĉ (orĉ * ) itself cannot be calculated. In order to make it possible, we must unify the two states |ch and |sh . Prototype of this work is found in Ref. 9 ), where only a certain special case was discussed and, then, in (II), we will extend the idea mentioned in Ref. 9 ).
Appendix A
The proof of the relations (3 . 11)
The aim of this Appendix is to give the proof of the relations (3 . 11a) and (3 . 11b). In the region |γ| 2 ∼ 0, F ch 0 (|γ| 2 ) and F sh 0 (|γ| 2 ) shown in the relations (3 . 7a) and (3 . 7b), respectively, are expressed as
On the other hand, the asymptotic forms in the limit |γ| 2 → ∞ are given as
Our present aim is to get possible approximate expressions of F ch 0 (|γ| 2 ) and F sh 0 (|γ| 2 ), which reproduce the above two limiting cases, in terms of 2|c| 2 . Concerning the case |γ| 2 ∼ 0, the relation (3 . 9) combined with the form shown on the right-hand side of the relation (A . 1) leads us to the expression
Under the initial condition |γ| 4 = 2|c| 2 , the above expression is derived iteratively. Therefore, the above form is effective in the case 2|c| 2 ∼ 0. Under the same procedure as that in the case |γ| 2 ∼ 0, we can derive the following expression for the case |γ| 2 → ∞ :
Of course, the above form is useful for the case 2|c| 2 → ∞.
With the use of the expressions (A . 3) and (A . 4), let us derive an unified approximate form which includes the above two limiting cases. First, we define the function G ch 0 (2|c| 2 ) and G sh 0 (2|c| 2 ) through the relation
Then, G ch 0 (2|c| 2 ) and G sh 0 (2|c| 2 ) should obey the following form :
As a possible candidate which includes the both limiting cases unifyingly, we can find the following form : The above form has been shown in the relation (3 . 11). It is easily verified that the relation (A . 8) is reduced to the forms (A . 6) and (A . 7) at the conditions 2|c| 2 ∼ 0 and 2|c| 2 → ∞, respectively.
The validity of the approximate expressions (3 . 11a) and (3 . 11b) can be checked in a way mentioned below. The relation (3 . 9) gives us the following form : 2 ). Then, if the resultant value of 2|c| 2 coincides with the initial value in the region 0 ≤ 2|c| 2 < ∞ in high accuracy, the expression (3 . 11) is well approximated. Tables Ia and   Ib show the results based on the above procedure. We can see that the expression (3 . 11) is rather well approximated. Appendix B
The interpretation of the relation (7 . 8)
The interpretation of the relation (7 . 8) Table II The above inequality is derived under the condition n 0 = 0, 1, 2, · · ·. We regard this relation as that satisfying in the case of any positive number. Figure 1 shows numerical results of ∆(n 0 , t) and, through these results, we can conclude that the relation (7 . 8) may be acceptable.
